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Frational momentum orrelations in multiple prodution of W bosons and
of bb¯ pairs in high energy pp ollisions
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Multiple parton ollisions will represent a rather ommon feature in pp ollisions at the
LHC, where regimes with very large momentum transfer may be studied and events rare in
lower energy aelerators might our with a signiant rate. A reason of interest in large
pt regimes is that, dierently from low pt, evolution will indue orrelations in x in the
multiparton struture funtions. We have estimated the ross setion of multiple prodution
ofW bosons with equal sign, where the orrelations in x indued by evolution are partiularly
relevant, and the ross setion of bb¯bb¯ prodution, where the eets of evolution are muh
smaller. Our result is that, in the ase of multiple prodution of W bosons, the terms with
orrelations may represent a orretion of the order of 40% of the ross setions, for pp
ollisions at 1 TeV .m. energy, and a orretion of the order of 20% at 14 TeV. In the ase
of bb¯ pairs the orretion terms are of the order of 10− 15% at 1 TeV and of the order of 5%
at 14 TeV.
PACS numbers: 11.80.La; 13.85.-t; 13.85.Hd; 13.85.Qk
Keywords: Multiple Collisions, High Energy Hadron interations, Inelasti sattering: many-partile
nal states, Inlusive prodution.
1. INTRODUCTION
Multiple parton interations in high energy hadroni ollisions have been disussed long ago
by several authors [1, 2℄. Experimentally events with multiparton interations have been rst
observed in pp ollisions by the AFS Collaboration [3℄ and later, with sizably larger statistis, at
Fermilab by the CDF Collaboration [4℄.
In multiple parton ollisions the hadron is probed in dierent points ontemporarily [2℄. The
non trivial feature of multiple parton ollisions is hene its non-perturbative input, whih has
a diret relation with the orrelations between partons in the hadron struture [5℄. As the
proess is originated by the large population of partons in the initial state, the expetation
is nevertheless that orrelations should not represent a major feature in the proess, with the
exeption of orrelations in transverse spae, whih are diretly measured by the ross setion.
Indeed the experimental analysis and most of the theoretial estimates have been done with this
simplifying assumption and, although the statistis was too low to draw rm onlusions, the
CDF Collaboration reported that the ross setion is not inuened appreiably when hanging
the frational momenta of initial state partons [4℄.
The muh larger rates of multiple parton ollisions expeted at the LHC, with the possibility
of testing dierent multiparton proesses at dierent resolution sales, represents however a good
motivation for reonsidering the approah to the problem. In partiular an interesting proess,
where multiple parton ollisions play an important role and whih might be observed at the LHC,
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2is the prodution of multiple W bosons with equal sign [6℄, whih would allow testing multiple
parton interations at a muh larger resolution sale than usually onsidered. The evolution of
the multiparton struture funtions will play a non minor role in this ase, leading to sizable
orrelations in frational momenta.
The purpose of the present note is to give some quantitative indiation of the eets in
multiparton ollisions in a high resolution regime and ompare with a ase at a lower resolution.
After realling the basi features of the inlusive ross setion of double parton ollisions, we
will hene evolve double parton distributions at high resolution sales. The eet of orrelations
indued by evolution will be estimated studying the ross setions of multiple prodution of equal
sign W bosons and the ross setion of multiple prodution of bb¯ pairs, in the energy range 1−14
TeV.
2. DOUBLE PARTON CROSS SECTION
With the only assumption of fatorization of the two hard parton proesses A and B, the
inlusive ross setion of a double parton-sattering proess in a hadroni ollision is expressed
by [2, 7℄
σD(A,B) =
m
2
∑
i,j,k,l
∫
Γij(x1, x2, b) σˆ
A
ik(x1, x
′
1) σˆ
B
jl (x2, x
′
2) Γkl(x
′
1, x
′
2; b) dx1 dx
′
1 dx2 dx
′
2 d
2b, (1)
where Γij(x1, x2, b) are the double parton distribution funtions, depending on the frational
momenta x1, x2 and on the relative transverse distane b of the two partons undergoing the hard
proesses A and B, the indies i and j refer to the dierent parton speies and σˆAik and σˆ
B
jl are
the partoni ross setions. The dependene on the resolution sales is impliit in all quantities.
The fator m/2 is a onsequene of the symmetry of the expression for interhanging i and j;
speially m = 1 for indistinguishable parton proesses and m = 2 for distinguishable parton
proesses.
The double distributions Γij(x1, x2, b) are the main reason of interest in multiparton ollisions.
The distributions Γij(x1, x2, b) ontain in fat all the information of probing the hadron in two
dierent points ontemporarily, though the hard proesses A and B.
The ross setion for multiparton proess is sizable when the ux of partons is large, namely
at small x, and dies out quikly for larger values. Given the large parton ux one may hene
expet that orrelations in momentum fration will not be a major eet and partons to be rather
orrelated in transverse spae (as they must anyhow all belong to the same hadron). Negleting
the eet of parton orrelations in x one writes
Γij(x1, x2; b) = Γi(x1) Γj(x2)F
i
j (b), (2)
where Γi(x) are the usual one body parton distribution funtion and F
i
j (b) is a funtion nor-
malized to one and representing the parton pair density in transverse spae. The inlusive ross
setion hene simplies to
σD(A,B) =
m
2
∑
ijkl
Θijkl σˆij(A) σˆkl(B), (3)
where σˆij(A) and σˆkl(B) are the hadroni inlusive ross setions for the two partons labelled
i and j to undergo the hard interation labelled A and for two partons k and l to undergo the
hard interation labelled B;
Θijkl =
∫
d2b F ik(b)F
j
l (b) (4)
3are geometrial oeients with dimension an inverse ross setion and depending on the various
parton proesses. In the simplied sheme above, the oeients Θijkl are the experimentally
aessible quantities arrying the information of the parton orrelations in transverse spae.
In the experimental searh of multiple parton ollisions the ross setion has been further
simplied assuming that the densities F ij do not depend on the indies i and j, whih leads to
the expression
σD(A,B) =
m
2
σˆ(A) σˆ(B)
σeff
≡ σDfact, (5)
where all information on the struture of the hadron in transverse spae is summarized in the
value of a single the sale fator, σeff . In the experimental study of double parton ollisions
CDF quotes σeff = 14.5mb [4℄.
The experimental evidene is not inonsistent with the simplest hypothesis of negleting or-
relations in momentum frations, the resolution sale probed in the CDF experiment is however
not very large, the transverse momenta of nal state partons being of the order of 5 GeV. We
will hene approah the problem in more general terms, fousing on multiple prodution of equal
sign W bosons and of bb¯bb¯ pairs, keeping into aount the orrelations in frational momenta
indued by evolution.
3. TWO-BODY DISTRIBUTION FUNCTIONS
The evolution of the double parton distribution funtion has been disussed in refs [8, 9℄ and
more reently in [10℄. The approah is essentially the same used to study partile orrelations in
the fragmentation funtions [11℄, using the jet alulus rules [12℄.
Introduing the dimensionless variable
t =
1
2pi b
ln
[
1 +
g2(µ2)
4pi
b ln
(
Q2
µ2
)]
, b =
33− 2nf
12pi
,
where g2(µ2) is the running oupling onstant at the referene sale µ2 and nf the number of
ative avors, the probability Dj1j2h (x1, x2; t) to nd two partons of types j1 and j2 with frational
momenta x1 and x2 satisfy the generalized Lipatov-Altarelli-Parisi-Dokshitzer evolution equation
dDj1j2h (x1, x2; t)
dt
=
∑
j′
1
∫ 1−x2
x1
dx′1
x′1
D
j′
1
j2
h (x
′
1, x2; t)Pj′
1
→j1
(
x1
x′1
)
+
∑
j′
2
∫ 1−x1
x2
dx′2
x′2
D
j1j
′
2
h (x1, x
′
2; t)Pj′
2
→j2
(
x2
x′2
)
+
∑
j′
Dj
′
h (x1 + x2; t)
1
x1 + x2
Pj′→j1j2
(
x1
x1 + x2
)
, (6)
where the subtration terms are inluded in the evolution kernels P .
If at the sale µ2 one assumes the fatorized form
Dj1j2h (z1, z2, 0) = D
j1
h (z1; 0)D
j2
h (z2; 0) θ(1− z1 − z2), (7)
at a larger sale one obtains a solution whih may be expressed as the sum of a fatorized and
of two non-fatorized ontributions:
Dj1j2h (x1, x2; t) = D
j1
h (x1; t)D
j2
h (x2; t) θ(1−x1−x2)+Dj1j2h,corr,1(x1, x2; t)+Dj1j2h,corr,2(x1, x2; t), (8)
4where the non-fatorized ontributions are expressed by the onvolutions:
Dj1j2h,corr,1(x1, x2; t) = θ(1− x1 − x2)

∑
j′
1
j′
2
∫ 1
x1
dz1
z1
∫ 1
x2
dz2
z2
D
j′
1
h (z1, 0)D
j1
j′
1
(
x1
z1
; t)
× Dj′2h (z2, 0)Dj2j′
2
(
x2
z2
; t) [θ(1− z1 − z2)− 1]
]
(9)
Dj1j2h,corr,2(x1, x2; t) =
∑
j′j′
1
j′
2
∫ t
0
dt′
∫ 1
x1
dz1
z1
∫ 1−x1
x2
dz2
z2
Dj
′
h (z1 + z2; t
′)
1
z1 + z2
× Pj′→j′
1
j′
2
(
z1
z1 + z2
)
Dj1
j′
1
(
x1
z1
; t− t′)Dj2
j′
2
(
x2
z2
; t− t′); (10)
and the distribution funtions Dji (x; t) satisfy the evolution equation
dDji (x; t)
dt
=
∑
j′
∫ 1
x
dx′
x′
Dj
′
i (x
′; t)Pj′−j
( x
x′
)
. (11)
with initial ondition Dji (x; t = 0) = δij δ(1 − x)
Equations(11) are solved by introduing the Mellin transforms
Dji (n; t) =
∫ 1
0
dxxnDji (x; t), (12)
whih lead to a system of ordinary linear-dierential equations at the rst order. The solution
is given by the inverse Mellin transform
Dji (x; t) =
∫
dn
2pi ı
x−nDji (n; t) = L−1(Dji (n; t),− ln(x)), (13)
where the integration runs along the imaginary axis at the right of all the n singularities, while
L−1 represents the Inverse Laplae operator.
The double distributions an then be obtained numerially. For inverting the Laplae Trans-
form we have followed two dierent proedures [13℄: the Gaver-Wynn-Rho (GWR) algorithm and
the xed Talbot (FT) method. The rst proedure (GWR) is based on a speial aeleration
sequene of the Gaver funtionals and requires to evaluate the transform only on the real axes;
the seond proedure (FT) is based on the deformation of the ontour of the Bromwih inver-
sion integral and requires omplex arithmeti. Comparing the two methods we have found more
stable results when using the (FT) method. The double distributions have hene been obtained
by numerial integration with the Vegas algorithm [14℄, using the MRS99 [15℄ as input parton
distribution funtion at the sale µ2.
In the kinematial range of interest for the atual ase (we never exeed x = .1) the ontribu-
tion of the term Dj1j2h,corr,1 in eq.(8) is negligible. The rst term in eq.(8) represents the fatorized
ontribution usually onsidered and is the solution of the homogeneous (LAPD) evolution equa-
tion, while the third term is a partiular solution of the omplete equation.
The eet of the orrelation terms indued by evolution is shown for gluon-gluon and for
quark-quark in Fig.[1,2℄, where the ratio
Rj1j2(x1, x2; t) =
Dj1j2h,corr,1(x1, x2; t) +D
j1j2
h,corr,2(x1, x2; t)
Dj1h (x1; t)D
j2
h (x2; t)
. (14)
is plotted as a funtion of x, with x1 = x2 = x, with the following hoie of parameters:
µ = 1.2GeV , nf = 4, fatorization sale equal to the W mass, mw = 80.4GeV (solid urves)
and fatorization sale equal to the bottom quark mass, mb = 4.6GeV (dashed urves).
5As shown in Fig.[1℄, the ratio Rgg is nearly 35% for x ∼ 0.1 and dereases up to 8− 10% for
x ∼ 0.01 and to 2% for x ∼ 0.001, when the W mass is used as fatorization sale. When taking
the b quark mass as fatorization sale, the value of the ratio is of the order of 10 − 12% for
x ∼ 0.1 and dereases up to 5% and to 2% for x ∼ 0.01 and x ∼ 0.001 respetively. The ratio
would of ourse be muh larger (up to 60%) if going to larger x values.
The ratio Rqq is shown in Fig.[2℄ for a few avor hoies. With the W mass as fatorization
sale, the ratios are of the order of 35, 20, 10% for x ∼ 0.1, 0.01, 0.001. With the b quark mass
as fatorization sale the ratios are of order of 23, 10, 5% for x ∼ 0.1, 0.01, 0.001.
Apart from the ase of hadron-nuleus ollisions, when two dierent target nuleons take part to
the proess [16℄, the non-perturbative input of the double parton sattering ross setion is not
represented however by the distribution funtions Dj1j2h (x1, x2; t) in Eq.(8), where all transverse
variables have been integrated. The double parton sattering ross setion, Eq.(1), depends in
fat in a diret way also on the relative separation of partons in transverse spae, whih is of the
order of the hadron size and hene outside the ontrol of perturbation theory.
Considering that the longitudinal and the transverse momenta of initial state partons are
essentially deoupled in the proess, beause of the dierent sales involved, it's not unreasonable
to assume phenomenologially a fatorized dependene of the double distribution funtions on the
longitudinal and transverse degrees of freedom. Given the dierent origin of the terms in Dj1j2h ,
it's also not unnatural to onsider the possibility of having dierent non-perturbative sales, for
the transverse separation of the fatorized and of the orrelated terms. In fat, although in the
general ase evolution would mix the two sales in the Dj1j2h,corr,1 term, the term D
j1j2
h,corr,1 is very
small in the kinematial regime of interest and the hypothesis of two dierent transverse sales
is not inonsistent.
We hene assume that the typial transverse distane between partons in Dj1j2h,fact and in
Dj1j2h,corr,1 orresponds to the relatively low resolution sale proess observed by CDF and, to have
an idea on the eets of the presene of two dierent sales in the double parton densities, we
introdue a dierent transverse distane in the term Dj1j2h,corr,2, related to the size of the gluon
loud of a valene quark, and orresponding to a relatively shorter range orrelation term. The
double parton distributions are hene expressed in the following way:
Dj1j2h (x1, x2; b; t) =
(
Dj1j2h,fact(x1, x2; t) +D
j1j2
h,corr,1(x1, x2; t)
)
Fσeff (b) +D
j1j2
h,corr,2(x1, x2; t)Fσr (b)
where the parton pair densities Fi(b) satisfy∫
d2b Fi(b) = 1
∫
d2b Fi(b)
2 =
1
σi
with i = σeff , σr.
While Fσeff represents the transverse density of partons at a relatively low resolution sale,
relevant in the kinematial onditions of the CDF experiment and leading to the measured value
of the sale fator σeff = 14.5 mb, Fσr is rather the transverse parton density haraterizing
partons orrelated in frational momentum, whih beomes inreasingly important when the
resolution sale is large. To study the eet of the two sales we have let the smaller sale vary
in the interval σr0 ↔ σeff assuming σr0 = 2.8 mb [17℄, whih might represent the size of the
gluon loud of a valene quark in the hadron. To disentangle the eets of the orrelation in
frational momenta we have negleted a possible dependene of the parton pair densities Fi(b)
on the partons avor.
64. MULTIPLE PRODUCTION OF bb¯ PAIRS AND OF EQUAL SIGN W BOSONS IN
pp COLLISIONS
For the purpose of the present analysis we have hene evaluated the ontributions to multiple
prodution of equal sign W bosons and to multiple prodution of bb¯ pairs, due to multiple
(disonneted) parton ollision proesses, taking into aount the orrelation terms in frational
momenta indued by evolution.
As a matter of fat higher order orretions in αS are very important in heavy quark produ-
tion. To the purpose of the present analysis we have evaluated the ross setion at the lowest
order in perturbation theory, taking higher order orretions into aount by resaling the lowest
order results with a onstant fator K, dened as the ratio between the inlusive ross-setion
for bb¯ prodution, σ(bb¯), and the result of the lowest-order alulation in pQCD. Our assumption
is hene that higher order orretions in bb¯bb¯ prodution may be taken into aount by multi-
plying the ross setion of eah onneted proess by the same fator K, so that higher order
orretions are taken into aount by multiplying the lowest order ross setion by the K-fator
at the seond power. In the atual alulation we have used a K fator equal to 5.7 ([18, 19℄)
and the value mb = 4.6GeV for the mass of the bottom quark.
The multiparton distributions have been obtained, as desribed in the previous paragraph,
using as input distributions at the sale µ2 the MRS99 [15℄ parton distribution funtions. Fa-
torization and renormalization sale have been set equal to the transverse mass of the produed
quarks. As for the dependene on the transverse variables, in addition to the usual fatorized
ontribution, leading to the sale fator 1/σeff , in the present ase the ross setion inludes
also non fatorized ontributions, orresponding to the ouplings of Dikh,corr,2 both with D
jl
h,fact,1
and with Dikh,corr,2. We have assumed a gaussian distribution for Fσeff (b) and for Fσr (b). The
sale fators are orrespondingly 2/(σeff + σr) and 1/σr.
In Fig.[1℄ we plot the gg orrelation (the dominant ontribution to bb¯ is gluon fusion) while the
expeted rise of the total bb¯bb¯ ross-setion is plotted in Fig.[3℄ (left-panel) as a funtion of the
enter of mass energy. The dashed urve refers to the double-parton sattering fatorized term
(σDfact) given by eq.(5); the ontinuous urves refer to the double-parton sattering orrelation
ontributions (σDcorr), with geometrial fators determined by setting r = r0 (upper urve) and
r = reff (lower urve). The ratio between the ontribution of the terms with orrelations and
the fatorized term is shown in Fig.[3℄ (right panel) as a funtion of enter of mass energy. The
eet of the terms with orrelations dereases by inreasing the enter of mass energy; depending
on the values of r ∈ [reff , r0], orretion eets may vary between (12−20)% at
√
s = 1TeV and
(3.5 − 6)% at √s = 14TeV . The derease is faster as √s ≤ 5TeV : for larger .m. energies the
average frational momentum < x > beomes smaller than 0.01, where the fration Rgg stabilizes
around 0.03− 0.05, onsistently with the amount of orretion obtained for √s > 5TeV .
In Fig.[4℄ we plot the bb¯bb¯ prodution ross-setion at
√
s = 14TeV (left-panel) and at√
s = 5.5TeV (right-panel), as a funtion of the minimum value of transverse momenta of
the outgoing b quarks pmint , in the pseudorapidity interval |η| < 0.9. At
√
s = 14TeV with
pmint ∈ [0, 10]GeV one has < x >∈ [1.2, 3.4] × 10−3, whih leads to a ontribution of the
orrelation terms of the order of (2 − 4)% and of (4 − 7)%, respetively for the lower and the
higher hoies of pmint Fig.(5)(left-panel). At
√
s = 5.5TeV , in the onsidered range of variability
of pmint one has < x >∈ [3.5, 6.5]×10−3 and the ontribution of the orrelation terms an beome
of the order of 12%, Fig.(5)(right-panel).
The ross setions of like-sign W pair prodution are evaluated at the leading order, hene
inluding only quark initiated proesses in the elementary interation (qq¯′ → W ). Higher order
orretions are taken into aount multiplying the lowest order ross setion by the fator K ≃
71 + (8pi/9)αs(M
2
W ) [20℄. We plot in g.[6℄ (left-panel) the W
+W+ ross-setion as a funtion
of the pp enter of mass energy. As in the ase of bb¯bb¯ prodution, the dashed urve refers to
the double-parton sattering fatorized term (σDfact), while the solid urves to the ontribution
of the terms with orrelations (σDcorr), for the two dierent hoies r = r0 and r = reff . As
one may infer from the behavior of the qq-orrelation ratio, for < x >∈ [0.2, 6] × 10−2, whih
orresponds to the energy interval onsidered, the orretions due to the orrelation terms range
from (27 − 45)% at √s = 1TeV to (7.5 − 13)% at √s = 14TeV , depending on the hoie of
σr. The results for W
−W− prodution are presented in g.(7). As shown in the right panel
the orrelation terms an give ontributions ranging from (23− 40)% at 1TeV to (12− 20)% at
14TeV.
5. CONCLUSIONS
As an eet of evolution, the multiparton distributions funtions are expeted to beome
strongly orrelated in momentum fration at large Q2 and nite x [810℄. On the other hand,
the indiations from the experimental observation of multiparton ollisions at Fermilab [4℄ are
not in favor of strong orrelation eets in frational momenta. The most likely reason being
that the kinematial domain observed, relatively low x values and limited resolution sale, is far
from the limiting ase onsidered in QCD.
The possibility of testing multiparton ollisions at high resolution sales at the LHC will open
the opportunity of testing the orrelations predited by evolution. To have an indiation on the
importane of the eets to be expeted, we have onsidered a high resolution sale multiparton
proess (equal sign W pair prodution) and, for omparison, a sizably smaller resolution sale
proess (bb¯bb¯ prodution) in pp ollisions in the energy range 1TeV ≤ √s ≤ 14Tev. In both ases
the prodution proess may take plae either by single (onneted) or by multiple (disonneted)
hard parton ollisions, while the two ontributions may be disentangled applying proper uts
in the nal state [4, 6, 19℄. To study the eets of orrelations we have hene worked out
the disonneted ontributions to the ross setions after evolving the multiparton distribution
funtions at high resolution sales.
Our result is that the ontribution of the terms with orrelations, in equal sign W pairs
prodution, might be almost 40% of the ross setion at 1 TeV and might still be a 20% eet
at the LHC. The eet is muh smaller in bb¯bb¯ prodution, where orretions to the usually
onsidered fatorized distribution are typially between 5 and 10%.
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Figure 1: gg orrelation ratio for x1 = x2 = x, with fatorization sale equal to the W mass (solid- urve)
and to the b mass (dashed-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Figure 2: qq orrelation ratios for x1 = x2 = x, with fatorization sale equal to the W mass (solid-
urves) and to the b mass (dashed-urves).
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